The crossover from weak to strong coupling for a three-dimensional continuum model of fermions interacting via an attractive contact potential is studied above the superconducting critical temperature T c . The pair-fluctuation propagator, the one-loop self-energy, and the spectral function are investigated in a systematic way from the superconducting fluctuation regime ͑weak coupling͒ to the bosonic regime ͑strong coupling͒. Analytic and numerical results are reported. In the strong-coupling regime, where the pair fluctuation propagator has bosonic character, two quite different peaks appear in the spectral function at a given wave vector, a broad one at negative frequencies and a narrow one at positive frequencies. The broad peak is asymmetric about its maximum, with its spectral weight decreasing by increasing coupling and temperature. In this regime, two crossover temperatures T 1 * ͑at which the two peaks in the spectral function merge in one peak͒ and T 0 * ͑at which the maximum of the lower peak crosses zero frequency͒ can be identified, with T c ӶT 0 *ϽT 1 * . By decreasing coupling, the two-peak structure evolves smoothly. In the weak-coupling regime, where the fluctuation propagator has diffusive Ginzburg-Landau character, the overall line shape of the spectral function is more symmetric and the two crossover temperatures approach T c . The analysis of the spectral function identifies specific features which allow one to distinguish by ARPES whether a system is in the weak-or strong-coupling regime. Connection of the results of our analysis with the phenomenology of cuprate superconductors is also attempted.
I. INTRODUCTION
High-T c cuprate superconductors are characterized by doping-and temperature-dependent anomalous properties in the metallic and superconducting phases. At low doping, the cuprates display a pseudogap in the single-particle excitation spectra and in the spin susceptibility, above the superconducting critical temperature T c and below a crossover temperature T*. The temperature T* decreases with increasing doping and merges eventually to T c close to optimum doping. 1 The pseudogap phase of underdoped cuprates is best characterized by angle resolved photoemission spectroscopy ͑ARPES͒ ͑Refs. 2-4͒ and by tunneling experiments. 5, 6 The pseudogap opening below T* corresponds to a suppression of the low-frequency differential conductance ͑which is connected to the density of states͒ measured by tunneling, and to a leading-edge shift of the spectral intensity ͑which is connected to the spectral function via the Fermi distribution and a dipole matrix element͒ measured by ARPES. As clearly shown by ARPES, the pseudogap is tied to the Fermi surface and its two-dimensional wave-vector dependence resembles a d x 2 Ϫy 2 harmonic. Both ARPES and tunneling experiments suggest that the pseudogap evolves smoothly into the superconducting gap as the temperature is lowered from T* to T c .
The d-wave-like wave-vector dependence of the pseudogap, its continuous evolution into the superconducting gap below T c , and its tying to the Fermi surface suggest that the pseudogap phase could be a precursor of the superconducting phase ͑at least in Bi-based compounds for which a detailed ARPES analysis of the pseudogap is available͒. According to this interpretation, the crossover temperature T* acquires the meaning of the temperature at which fluctuating pairs start forming without coherence, the latter being not yet established owing to large fluctuations of the superconducting order parameter. Upon lowering the temperature, the coherence between pairs is established and superconductivity appears. The occurrence of large pair fluctuations in cuprates is related to the quasibidimensionality, as well as to the short coherence length 0 of the Cooper pairs ͑typically, 0 ϳ10 Ϫ20 Å).
Within this scheme, the phase diagram of cuprates is interpreted in terms of a crossover from Bose-Einstein ͑BE͒ condensation of preformed pairs to BCS superconductivity, as the doping is varied. [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] Heavily underdoped cuprates are accordingly considered as superconductors in a strongcoupling ͑BE͒ regime with T*ӷT c ; optimally doped and overdoped cuprates are instead more conventional superconductors in an intermediate-or weak-coupling ͑BCS͒ regime with T*ӍT c . The evolution from strong-to weak-coupling superconductivity as the doping is increased is further supported by low-temperature ARPES and tunneling measurements in Bi-based compounds of the maximum superconducting gap ⌬ 0 , whereby ⌬ 0 decreases as the doping is increased, with ⌬ 0 Ӎ60Ϫ70 meV in underdoped cuprates and ⌬ 0 Ӎ20Ϫ30 meV in optimally and overdoped cuprates. 5, 6 Moreover, in underdoped Bi-based cuprates ⌬ 0 is larger than the bandwidth along the M ϪY (X) directions, suggesting that at least near the M points states with bosonic character can be formed. Recent ARPES measurements on La 2Ϫx Sr x CuO 4 also indicate a similar doping dependence of the gap.
FS ͑namely, the points where the d-wave gap vanishes͒ appear to be weakly coupled, while states near the M points are strongly coupled and could display bosonic character. In agreement with the expectation that increasing the coupling should cause an increase of the width of the spectral peaks, explicit support to the wave-vector induced crossover along the FS is obtained, for instance, from Fig. 2 of Ref. 21 . The ARPES spectral intensities for an optimally doped Bi2212 sample reported in that figure show, in fact, that the width of the quasiparticle peak in the normal phase increases along the FS, as one moves from the N toward the M point. In particular, near the M points the frequency distribution of the spectral intensity is broad and flat without any observable peak, while a broad peak feature is present in the wavevector distribution. In addition, in Bi2212 at optimum doping the band dispersion near the M points along the M ϪY (X) direction is rather narrow (ϳ50 meV), while the band dispersion along the ⌫ϪY (X) directions is considerably larger (ϳ400 meV). For all cuprates for which ARPES measurements are available, the Fermi velocity v F is also anisotropic along the Fermi surface, with v F (N)/v F (M )Ӎ3. 22 As a consequence, fermionic states near the M points are locally associated with a small Fermi velocity and strong coupling ͑hot fermions͒; while fermionic states near the N points are locally associated with a large Fermi velocity and weak coupling ͑cold fermions͒. To account explicitly for the different properties about the M and N points, a two-gap model has been recently proposed. 23 In the present paper, we investigate the evolution of the spectral function from the weak-to strong-coupling regimes in a systematic way, to compare with the evolution of the spectral function in cuprates by varying doping and wave vector. More specifically, we aim to account for the character of the fermionic states near the M points ͑where bosonic states can be formed upon reducing the doping due to the hot character of these states͒ and to follow the wave-vector induced crossover along the Fermi surface. The local character of the fermionic states in wave-vector space further enables us to use a simple isotropic attraction between electrons, which gives rise in the superconducting state to a gap with s-wave symmetry.
Two different ͑albeit related͒ kinds of approaches for the pseudogap state can be identified within the pairing scenario. On the one hand, owing to the short coherence length and the large value of the superconducting gap about the M points, [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] 18, 19 the superconducting phase of underdoped cuprates is interpreted as intermediate between a BCS state with extended pairs and a Bose-Einstein condensate with preformed ͑local͒ pairs. Within this view, due to strong-or intermediate-coupling effects, pairing correlations survive well above T c and determine a pseudogap opening when coupled to the fermions. On the other hand, the second approach emphasizes the relevance of phase fluctuations of the superconducting order parameter, owing to the low value of the plasma frequency and the quasibidimensionality of the cuprates. 24 -27 Within this view, the amplitude of the local order parameter is established at T*, even though phase coherence and hence long-range superconductivity occurs at the lower temperature T c .
The approach we follow in this paper belongs to the first group of the pairing scenario. Specifically, we investigate the role played by pair fluctuations in the pseudogap opening, following the BCS to Bose-Einstein crossover from weak to strong coupling. To this end, we introduce a simplified microscopic model representing a three-dimensional ͑3D͒ continuum of fermions mutually interacting via an attractive contact potential, which can be parametrized in terms of the scattering length. This 3D model allows us to considerably simplify the numerical calculations as well to obtain analytic results ͑at least in some limits͒, yet preserving the qualitative features obtained for more realistic models, such as the twodimensional negative-U Hubbard model. 28 -31 We examine initially the two-particle propagator in the particle-particle channel, and evaluate the pair-fluctuation propagator ⌫(k,) as a function of wave vector k and frequency . We further analyze the single-particle propagator, and evaluate the self-energy ⌺(k,) and the spectral function A(k,) within the non-self-consistent t-matrix approximation. In the strong-and weak-coupling regimes, we discuss analytic forms for the self-energy, and comment on the main differences in the line shape of A(k,) between the two regimes. The spectral weight of the incoherent peak that appears in A(k,) and the temperature dependence of the chemical potential are also discussed. In the intermediate ͑crossover͒ region ͑where analytic calculations are not feasible͒ only numerical results are presented. Our findings of different characteristic features occurring for A(k,) in different coupling regimes are then organized in a systematic way, and a criterion to distinguish by ARPES experiments whether an interacting fermion system is in the strong-, intermediate-, or weak-coupling regime is discussed. In the strong-coupling regime, we find it is appropriate to introduce two different crossover temperatures (T 1 * and T 0 *) to describe the peculiar evolution of the spectral function for increasing temperature. We also show how these two temperatures merge to a single crossover temperature (T*) as the coupling is decreased. A detailed comparison of ARPES experiments with our analysis of the spectral function in different coupling regimes is eventually attempted. Although it might at first appear that our model could not be directly applied for comparison with ARPES experiments in cuprates, this comparison is attempted by invoking the wavevector-induced crossover mentioned above. Even though some parts of our analysis and results have been already presented ͑albeit for different models and/or with different methods͒ in previous work, 28, 16, 17, 19 our approach should be regarded as more systematic and complete than others.
The plan of the paper is as follows. In Sec. II we introduce the microscopic model and discuss the relevant equations for the spectral function and related quantities. In Secs. III and IV we report the results for two-and single-particle properties, respectively, discussing the evolution of the pairfluctuation propagator and of the spectral function from the superconducting fluctuations regime ͑weak coupling͒ to the bosonic limit ͑strong coupling͒. In Sec. V we present a detailed comparison of our results with ARPES experiments. Section VI gives our conclusions.
II. RELEVANT EQUATIONS FOR THE SPECTRAL FUNCTION AND RELATED QUANTITIES
In this section, we set up the relevant equations to follow the evolution of the single-particle spectral function and the two-particle fluctuation propagator from weak to strong coupling. To this end, we consider a system of fermions embedded in a three-dimensional continuum and mutually interacting via an effective short-range attractive potential v 0 ␦(r ϪrЈ) of strength v 0 , where v 0 is a negative constant. For the 3D continuum model we are allowed to take the limit of a strictly short-range interaction, thus relating to the fermionic scattering length a F by a suitable regularization procedure. Knowledge of the detailed form of the fermionic interaction is, in fact, not required for studying the main features of the evolution from weak to strong coupling. The many-body diagrammatic structure for the single-and two-particle Green's functions gets in this way considerably simplified, while preserving the physical effects of pseudogap opening. 32 ͑For a detailed discussion of this model, see Ref. 33 .͒ For the attractive fermionic interaction of interest, the scattering length a F changes from being negative ͑when the two-body problem fails to support a bound state͒ to being positive ͑when the bound state is eventually supported by increasing the interaction strength͒, and diverges when the coupling strength suffices for the bound state to appear. The dimensionless parameter k F a F ͑where k F is the Fermi wave vector͒ thus locates the side of the crossover one is examining and how close to the crossover region one is. Specifically, k F a F is small and negative in the weak-coupling regime, diverges in the intermediate ͑crossover͒ regime, and eventually becomes small and positive in the strong-coupling regime. For this reason, driving the crossover by varying k F while keeping a F fixed requires one to change discontinuosly the sign of a F at the value (k F a F ) Ϫ1 ϭ0. The diagrammatic scheme we consider is based on the non-self-consistent t-matrix approximation, constructed with ''bare'' single-particle Green's functions ͓with the inclusion, however, of the dressed chemical potential and of an additional constant energy shift ͑to be discussed below͒ which is relevant to the symmetry of the spectral function͔. This choice embodies the physics of the pseudogap state, because in the weak-coupling regime it describes the GinzburgLandau superconducting fluctuations above T c , 34 while in the strong-coupling regime it describes the formation of noninteracting bosons ͑fermionic bound states͒. 35 The set of relevant equations for the two-particle Green's function in the particle-particle channel ͑i.e., the pairfluctuation propagator͒, the single-particle Green's function, and the self-energy is the following:
Here, G (0) (k, n ) is the ''bare'' fermion propagator given by
ϪЈ being the free-particle dispersion measured with respect to the renormalized chemical potential ЈϭϪ⌺ 0 , where is the physical chemical potential and ⌺ 0 the constant self-energy shift mentioned above͔, m is the free-fermion mass, and n ϭT(2nϩ1) (n integer͒ and ⍀ ϭ2T ( integer͒ are, respectively, fermionic and bosonic Matsubara frequencies at temperature T. The chemical potential is eliminated in favor of the density n via Eq. ͑4͒. The constant self-energy shift ⌺ 0 is given by Re⌺(kϭk Ј ,ϭ0,TϳT*) where k Ј ϭͱ2mЈ. It turns out that this shift is non-negligible only in the weak-to intermediate-coupling regime, where it is almost temperature independent from T to T*. ͑In this coupling regime, T*ϭT 0 *ϭT 1 * is the temperature at which the pseudogap disappears.͒ In practice, we will take ⌺ 0 ϭRe ⌺(kϭk Ј ,ϭ0,TϭT c ) in the weak-to intermediatecoupling regime, while we shall neglect ⌺ 0 altogether in the intermediate-to strong-coupling regime. Inclusion of this self-energy shift amounts to a partial self-consistency dressing of the single-particle Green's functions G (0) , and corresponds to a complete description of the high-temperature region.
After analytic continuation to the real frequency axis, 36 the imaginary part of the retarded self-energy can be written at this order of approximation in the form
where f (x)ϭ1/(e ␤x ϩ1) is the Fermi distribution and b(x) ϭ1/(e ␤x Ϫ1) is the Bose distribution, with ␤ϭ1/T. Hereafter, analytic continuations are meant to produce retarded ͑R͒ functions. Once the imaginary part of the self-energy is evaluated as above, its real part Re ⌺(k,) is obtained via a Kramers-Kronig transform. The real-frequency formulation ͑5͒ allows for high accuracy of the numerical calculations, and avoids the problems of dealing numerically with analytic continuation from the imaginary frequency axis.
The spectral function A(k,) for the single-particle fermionic excitations of interest is obtained from the imaginary part of the retarded Green's function G R (k,) via the relation
In terms of the real and imaginary parts of the self-energy, the spectral function A(k,) has the form A͑k, ͒ϭ ϪIm ⌺͑k, ͒/ ͓Ϫ͑ k͒ϪRe ⌺͑k, ͒ϩ⌺ 0 ͔ 2 ϩ͓Im ⌺͑k, ͔͒ 2 .
͑7͒
The set of equations ͑1͒-͑5͒, together with the definition of the spectral function ͑7͒ and the prescription for analytic continuation to real frequencies, allows us to study in a systematic way with limited computational effort two-and single-particle properties over a wide range of parameters ͑namely, coupling, density, and temperature͒, following the crossover from weak to strong coupling.
A few additional comments are in order at this point about the choice ͑1͒ of the self-energy. In the weak-coupling regime and at high enough temperature, the expression ͑1͒ represents the leading term of a low-density expansion for a Fermi system even when the interaction is attractive. 33 Upon approaching T c , the expression ͑1͒ can alternatively be interpreted as representing the coupling of a bare fermion with pairing fluctuations. In the strong-coupling regime, the expression ͑1͒ represents instead a ''free'' boson coupled to a bare fermion, and is known to produce a shadow-band structure in the spectral function at negative frequencies.
Finally, we recall that inclusion of full self-consistency in the single-particle Green's functions entering Eq. ͑1͒ can be safely dismissed ͓at least in the weak-and strong-coupling regimes, where the use of expression ͑1͒ can be justified to start with͔, as discussed in Ref. 33 . In contrast to the nonself-consistent t-matrix approximation used in Eqs. ͑2͒-͑4͒, the self-consistent t matrix uses full self-consistent Green's functions but does not include vertex corrections in the selfenergy. As remarked in Ref. 31 , the different levels of approximation for vertexes and single-particle Green's functions may then lead to unphysical results for the pseudogap in the spectral function, in a similar way to what happens for the 2D repulsive Hubbard model. 38 The important point to be emphasized is that, provided G (0) in Eqs. ͑1͒ and ͑2͒ contains the dressed chemical potential obtained from Eqs. ͑3͒ and ͑4͒, this set of equations interpolates smoothly between weak-and strong-coupling limits and provides a reasonable description of both limits. A comparison between our results for the continuum model and those available for the lattice model will be made in Sec. VI, with the outcome that the main qualitative features remain the same in the two models.
III. PAIRING FLUCTUATIONS FROM WEAK TO STRONG COUPLING
In this section, a systematic study of the crossover from the superconducting fluctuation ͑weak-coupling͒ regime to the bosonic ͑strong-coupling͒ regime for the pair-fluctuation propagator is reported via both analytical and numerical calculations, for a wide temperature range above T c . This study is preliminary to the discussion of the spectral function via the self-energy ͑1͒, presented in the next section.
The pair-fluctuation propagator ⌫ (0) (q,⍀ ) within the non-self-consistent t-matrix approximation is given by Eq. ͑2͒. We shall examine, in particular, its wave vector and frequency dependence for all coupling regimes.
Being interested in normal-phase properties of the fermionic system, knowledge of the superconducting critical temperature T c is required at the outset to insure that TуT c . To identify the critical temperature T c , we rely on the condition that the fluctuation propagator has a pole at T c for vanishing wave vector and frequency, namely, ⌫ (0) Ϫ1 (qϭ0,⍀ ϭ0;,TϭT c )ϭ0. This condition ͑known as the Thouless criterion͒ taken alone is equivalent to the BCS equation for the critical temperature in the weak-coupling limit. In addition, when coupled to the density equation ͑4͒ to fix the chemical potential, it yields the value of the Bose-Einstein condensation temperature in the strong-coupling limit.
The Thouless criterion provides a temperature-dependent critical value for the chemical potential c (T c )ϭ(n,T c ), with (n,T) obtained from the density equation. In Fig. 1 the critical chemical potential and the normal-phase chemical potential are reported for different values of (k F a F ) Ϫ1 in the strong-to intermediate-coupling regime. We have verified that in the high-temperature limit the chemical potential (n,T) tends to its classical value (n,T) ϭ1.5T ln(1.898T BE /T) for all densities (T BE ϭ3.31n B 2/3 /m B being the Bose-Einstein condensation temperature͒. 39 Note that in the strong-coupling regime, i.e., at low density and for ␤͉͉ӷ1, approaches the value Ϫ⑀ 0 /2, where ⑀ 0 ϭ(ma F 2 ) Ϫ1 is the binding energy of the associated two-body problem. In the intermediate-coupling regime, initially increases as the temperature is increased, reaches a maximum, and eventually decreases, tending to the classical behavior. The temperature where the maximum is located turns out to be smaller than the binding energy ⑀ 0 and does not relate to specific changes of single-particle properties in the strong-or intermediate-coupling regimes. In the weak-coupling regime, on the other hand, this temperature turns out to coincide with the crossover temperature T* where pair fluctuations become manifest and a pseudogap opens.
In the intermediate-and weak-coupling regime, the presence of the maximum in (T) is connected with the fermionic degrees of freedom, and in particular with the opening of a pseudogap at the Fermi surface which tends to depress the chemical potential upon lowering the temperature ͑in a similar fashion to what happens when a real gap opens in a BCS superconductor below T c ). In the weak-coupling regime, the temperature interval where the pseudogap is finite is very narrow and the maximum of (T) approaches the critical line c (T c ), becoming in practice not visible both in our results and in Monte Carlo simulations. The presence of a maximum of (T) ͓with the ensuing nonmonotonic behavior of (T)͔ is clearly observed in Monte Carlo simulations of the 2D attractive (s-wave͒ Hubbard model in the intermediate-coupling regime ͑see Fig. 6 of Ref. 29͒, while the presence of the maximum is somewhat debated when the self-consistent t-matrix approximation is used. 28, 40 In the strong-coupling regime, the fermionic degrees of freedom are exponentially suppressed according to f () ϳexp(Ϫ␤͉͉) and the above maximum is progressively shifted toward zero temperature for increasing ␤͉͉, thus recovering in the extreme strong-coupling limit the behavior of a free Bose gas via the relation 2ϭϪ⑀ 0 ϩ B . 41, 42, 8 We have verified that in the strong-and intermediate-coupling regimes, the temperature at which (T) reaches its maximum does not relate with the temperature at which the pseudogap opens.
The equation for the density, together with the condition for the critical chemical potential (T)ϭ c (T), yields the value of the critical temperature T c for the superconducting instability. The critical temperature T c and the BCS meanfield critical temperature T BCS ͓the latter obtained formally from the same equations defining T c but with the bare single-particle Green's function G (0) replacing G in Eq. ͑4͔͒ are reported in Fig. 2 as functions of the parameter (k F a F )
Ϫ1
͓recall that in the weak-coupling limit T BCS ϭ1.67⑀ F exp(/2k F a F ) (a F Ͻ0)͔. ͑Both temperatures have been conveniently normalized to the Bose-Einstein condensation temperature T BE evaluated at the same density. Note that in the 3D continuum model T BE is of the same order of ⑀ F .) The results of Fig. 2 can be compared with the calculation of T c within the non-self-consistent t-matrix approximation reported in Ref. 41 . We mention that the inclusion of the self-energy shift ⌺ 0 in the weak-to intermediatecoupling regime adopted in the present paper, slightly increases the value of the critical temperature with respect to the results of Ref. 41 . We have verified that, in the strongand intermediate-coupling regimes, the mean-field temperature T BCS about coincides with the temperature at which the bare ͑fermionic͒ contribution n 0 to the total density n equals the ͑bosonic͒ contribution ␦n due to interaction effects, i.e., n 0 (TϭT BCS )Ӎ␦n(TϭT BCS )Ӎn/2. This result permits us to identify T BCS as the crossover temperature where preformed pairs start to form. ͓The connection between T BCS and the characteristic crossover temperature͑s͒ of the spectral function will be made in Sec. IV.͔ Note from Fig. 2 that for (k F a F ) Ϫ1 ՇϪ1 the critical temperature approaches the BCS mean-field critical temperature, indicating that the fermionic system is in the weak-coupling regime. For (k F a F ) Ϫ1 տ1 the critical temperature is instead close to the Bose-Einstein condensation temperature, indicating that in the strong-coupling regime the fermionic system is equivalent to a system of noninteracting bosons. The strong-coupling limit is thus effectively reached for not too large values of the parameter (k F a F ) Ϫ1 .
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In Fig. 3 we report for convenience the relation between k F pair and (k F a F ) Ϫ1 as obtained from the analytic solution of Ref. 44 , pair being the average pair size at Tϭ0. This plot is especially useful to compare our results for the two-and single-particle properties͔ which are expressed in terms of (k F a F ) Ϫ1 ͔ with the phenomenology of cuprates, for which some estimates of the parameter k F pair in different doping regimes are available 7 . Specifically, at optimum doping the parameter k F pair takes roughly values between 6 and 10, and its value decreases for decreasing doping ͑mainly because the superconducting gap at Tϭ0 increases and the Fermi energy decreases approaching the insulating phase͒. We may reasonably consider k F pair Ϸ1 as a lower-bound value for underdoped cuprates, especially if we consider it as a local quantity about the M points. Accordingly, the coupling parameter (k F a F ) Ϫ1 in the optimum and underdoped regimes for cuprates lies approximately in the range Ϫ1.7 Fig. 3 . Having determined the thermodynamic quantities (n,T) and T c , we pass now to calculate the pair-fluctuation propagator ͑2͒. From a physical point of view, pairing fluctuations have essentially different character in the strong-and weakcoupling regimes. While to evaluate the self-energy numerically from Eq. ͑5͒ knowledge of ⌫ (0) is required over a wide range of wave vectors and frequencies, to characterize the evolution of ⌫ (0) from weak to strong coupling it is sufficient to consider the expansion of its inverse in powers of the wave vector q and the Matsubara frequency ⍀ : 17, 19 
with dϭd 1 ϩid 2 sgn(⍀ ). Here, (a,b,d 1 ,d 2 ) are real coefficients which are coupling, density, and temperature dependent.
In Fig. 4 we report the ratio of the imaginary (d 2 ) to the real (d 1 ) part of the frequency coefficient in Eq. ͑8͒ at T c as a function of (k F a F )
Ϫ1 . In the strong-coupling limit, d 1 Ӎ Ϫm 2 a F /(8) and d 2 Ӎ0, with the pair-fluctuation propagator acquiring the polar structure of a bosonic Green's function. In the weak-coupling limit, on the other hand,
where N 0 is the density of states ͑per spin component͒ at the Fermi energy E F , with the pair-fluctuation propagator acquiring the diffusive Ginzburg-Landau structure. 34 When ͉d 1 ͉Ͼ͉d 2 ͉, fluctuating pairs become propagating ͑albeit with a damping͒, and eventually acquire the ͑bosonic͒ character of undamped preformed pairs.
In Fig. 5 the coefficient b of the ͉q͉ 2 term in Eq. ͑8͒ is plotted as a function of (k F a F )
Ϫ1 . In the strong-coupling regime ͓i.e., for (k F a F ) Ϫ1 տ1͔, b coincides with its strongcoupling value ma F /(32), where 2m is the mass of the composite boson. In the weak-coupling regime ͑i.e., for
is proportional to the square of the zero-temperature correlation length 0 ͓where v F is the Fermi velocity and (3)Ӎ1.202 is the Riemann zeta function of argument 3͔, and tends to diverge in the extreme weak-coupling limit.
Finally, the coefficient a in Eq. ͑8͒ provides a mass to the pair-fluctuation propagator. In the weak-coupling limit a ϭN 0 ln(T/T c ) vanishes at T c , while in the strong-coupling limit we can write aϭϪm 2 a F B (T)/ (8), where B (T) is the bosonic chemical potential, which we pass now to discuss.
According to the above analysis, we have verified that in the strong-coupling regime ͑when the conditions Ͻ0 and ␤͉͉ӷ1 are satisfied͒ the pair-fluctuation propagator evaluated numerically acquires the polar structure of a free-boson Green's function 42, 33 
with mass 2m, a quadratic dispersion as a function of wave vector, and bosonic chemical potential B (T), which reduces to 2(T)ϩ⑀ 0 in the extreme strong-coupling limit. This implies that, for real frequencies, the imaginary part of ⌫
͓which enters the calculation of the imaginary part of the self-energy via Eq. ͑5͔͒ is proportional to a delta function in the strong-coupling limit
We have verified that Eq. ͑10͒ remains approximately valid in the intermediate-coupling regime toward strong coupling ͑when ␤͉͉ϳ1 and Ͻ0), while only in the strongcoupling limit B (T) therein reduces to the chemical potential 0 (T) of an ideal Bose gas, with the characteristic temperature dependence
at low enough temperature. Specifically, we have verified Fig. 4͒ . This contribution, which is initially present for large values of q, extends progressively to smaller values of q for increasing coupling, reaching eventually qϭ0 when the chemical potential becomes negative. By further increasing the coupling, the ␦-function contribution to Im ⌫ (0) (q,) becomes increasingly prominent and the asymptotic expression ͑10͒ is progressively reached. This ␦-function contribution, associated with the formation of a bound state with bosonic character, is responsible in the strong-coupling limit for the opening of a real gap in a broad temperature range above T c , as it will be shown in the next section. Actually, in addition to the ␦ function, one also finds a finite contribution to Im ⌫ (0) for Ͼ2͉͉. When inserted in Eq. ͑5͒, this contribution leads to an exponentially vanishing Im ⌺ for Ͼ͉͉.
Finally, in the weak-coupling regime, the pair-fluctuation propagator recovers the Ginzburg-Landau diffusive form. Near the critical temperature, its expression for small wave vectors and frequencies is accordingly given by
Here, ϭln(T/T c ) is the mass term of the propagator, ϳv F 2 /T c 2 represents the stiffness of the superconducting fluctuations with a proportionality coefficient which depends on dimensionality ͓7(3)/(48 2 ) being its value in 3D͔, while ␥ϭ/(8T c ) is related to the lifetime of the fluctuating pairs ͑which do not obey Bose statistics͒. In this limit, Im ⌫ (0) (q ϭ0,) diverges as 1/ only at the critical temperature T ϭT c ; as a consequence, the pseudogap region induced by the diffusive pair fluctuations will be present only in a rather narrow temperature range. No delta function contributes in this regime, but Im ⌫ (0) (qϭ0,) has a broadened peak structure for small enough q.
To summarize, the main effect of increasing coupling in Im ⌫ (0) (q,) is the appearance of a peak structure ͑delta function͒ at finite frequencies, whose area grows with (k F a F )
Ϫ1 . In the strong-coupling regime, for qϭ0 and T ϾT c the real part of ⌫ (0) (q,) Ϫ1 vanishes at a finite frequency, corresponding to a pair resonance. This resonance disperses as q 2 . In the weak-coupling regime, the real part of
Ϫ1 is small only in the critical region, and vanishes only at the critical temperature. Increasing the coupling from weak to strong, the frequency dependence of Im ⌫ (0) (q ϭ0,) evolves from being antisymmetric with respect to ϭ0 to an asymmetric structure. This evolution confirms previous results for ⌫ (0) (qϭ0,) reported in Ref. 17 . In the next section, we will show how the peak structures of ⌫ (0) (q,) affect the single-particle self-energy and hence the spectral function, giving rise to a ͑pronounced͒ suppression of the low-energy spectral weight, namely, to a pseudogap.
IV. SPECTRAL FUNCTION FROM WEAK TO STRONG COUPLING
In this section, we study the single-particle excitations for fermions coupled to pair fluctuations above the critical temperature. The spectral function A(k,), obtained by solving the set of equations ͑1͒-͑7͒, is analyzed in a systematic way as a function of coupling and temperature, thus following its evolution from weak to strong coupling. In this way, characteristic features of the spectral function as a function of frequency and temperature will be evidenced in all coupling regimes. We shall analyze separately the cases when the chemical potential lies below the bottom of the singleparticle band (Ͻ0) corresponding to the strong-to intermediate-coupling regime, and when the chemical potential lies inside the single-particle band (Ͼ0) corresponding to the intermediate-to weak-coupling regime.
A. Strong-to intermediate-coupling regime
In the previous section, we have verified that a delta function appears in Im ⌫ (0) (q,) starting from the intermediatecoupling regime when (k F a F ) Ϫ1 Ͼ0 ͑for temperatures such that ␤͉͉տ1). In particular, we have verified that in the strong-coupling limit ͑where Ͻ0 and ␤͉͉ӷ1) the pairfluctuation propagator coincides with a free-boson Green's function with mass 2m ͓see Eq. ͑9͔͒. In this limit, the imaginary part of the pair-fluctuation propagator reduces to a delta function and the self-energy can be evaluated analitically. Inserting Eq. ͑10͒ into the general expression ͑5͒ for the imaginary part of the self-energy, the following form results:
where th ϭϪ B is a threshold frequency and ⌰ is the unit step function. ͓In the strong-to intermediate-coupling regime, when the chemical potential is below the bottom of the free-fermion band (Ͻ0) and k 2 /(2m)Ӷ⑀ 0 , the selfenergy and hence the spectral function are almost independent of wave vector. In this case, kϭ0 can be taken as a representative value, as we did in Eq. ͑13͒.͔ Note that the frequency dependence of Im ⌺ is strongly asymmetric about its minimum at Ӎ th Ϫ͉ B ͉. Note also that Im ⌺ ͑and hence Re ⌺ obtained via Kramers-Kronig transform͒ has a nontrivial temperature and frequency dependence, showing strong deviations from Fermi-liquid behavior. In the regime where ␤͉ B ͉Ӷ1 ͑i.e., TӍT c ), three different behaviors of Im ⌺(0,) can be specifically identified on the frequency axis: ͑i͒ For th Ϫ͉ B ͉ϽϽ th , Im ⌺(0,) ϳϪͱ th Ϫ/␤͉ B ͉ and ͑ii͒ for th Ϫ␤ϽϽ th Ϫ͉ B ͉, Im ⌺(0,)ϳϪ(␤ͱ th Ϫ) Ϫ1 , and ͑iii͒ for Ͻ th Ϫ␤, Im ⌺(0,)ϳϪexp͓Ϫ␤( th Ϫ)͔. Note that, in the strongcoupling limit, the imaginary part of the self-energy has a square-root divergence at ϭ th for TϭT c .
We have further verified numerically that strong deviations from Fermi-liquid behavior are present in the strong-to intermediate-coupling regime in a wide temperature range above T c ͑while in the weak-coupling regime non-Fermiliquid behavior is found only in a narrow temperature range above T c , as discussed in the next subsection͒.
The above characteristic features of the analytic expression ͑13͒ can be clearly identified in the numerical results for Im ⌺(kϭ0,) reported in Fig. 6 at different temperatures ͑for a specific coupling͒. The associated real part is shown in Fig. 7 , where the straight lines ϩ are also reported for the same temperatures ͑and coupling͒, with increasing temperature from top to bottom. At any temperature, the intersection of a given straight line with Re ⌺(kϭ0,) locates the position of the quasiparticle peak at Ͼ0.
Note that for temperatures close to T c , three intersections occur, with the most left intersection giving rise to the inco-herent peak in A(k,) at negative frequencies ͓while to the central intersection there corresponds a strong suppression of A(k,)͔. At high enough temperatures, on the other hand, only a single intersection occurs. The corresponding spectral function for the same coupling and temperatures above T c is reported in Fig. 8 . The resulting spectral function has a strongly asymmetric structure with two peaks: The one at positive frequencies is rather narrow, coherentlike, and has a large spectral weight ͑namely, the area enclosed by the peak͒; the one at negative frequencies is instead broad and has a small spectral weight. When the chemical potential is below the bottom of the band, the peak located at negative frequencies represents the incoherent peak generated by the interaction of the fermions with strong pair fluctuations. This incoherent peak is itself asymmetric, it becomes broader for increasing temperature, its spectral weight is density and coupling dependent ͓decreasing as (k F a F ) 3 ], and its position depends mainly on the value of the chemical potential ͑which in turn depends on temperature͒. By increasing temperature, the chemical potential becomes progressively more negative ͑see Fig. 1͒ and the peak position of A(kϭ0,) shifts accordingly toward positive frequencies. The broadening of the incoherent peak becomes pronounced when the temperature is of the order of the binding energy ͑see, e.g., the case with T/T c ϭ3 in Fig. 8͒ . Note also that, for increasing temperature, the two peaks in A(kϭ0,) get broadened in an asymmetric way ͓in contrast to the weak-coupling regime ͑see below͒, approaching which the broadening of the two peaks becomes progressively more symmetric͔. We have also verified that, in the extreme bosonic limit, the spectral function has the structure of two deltalike peaks symmetrically located with respect to ϭ0 ͑albeit with quite different spectral weights͒, which is generated in an asymmetric way by the narrowing of the incoherent peak at negative frequencies as the product k F a F becomes smaller and smaller.
In Fig. 9 the spectral function at kϭ0 is plotted as a function of frequency for different values of the parameter (k F a F ) Ϫ1 at TϭT c . Note that these curves have been expressed in units ⑀ F , instead of ⑀ 0 , to get a more evident evolution with coupling. The spectral function has two wellseparated peaks, with a real gap opening at an energy of the order of the binding energy of the pairs. By increasing the coupling, the spectral weight inside the gap is progressively suppressed, until in the extreme strong-coupling limit the step function in the imaginary part of the self-energy ͑13͒ makes the spectral weight to vanish identically in the range Ϫ͉͉ϩ͉ B ͉ϽϽ͉͉.
Since photoemission experiments measure the intensity of photoemitted electrons ͑that is, the spectral weight at negative frequencies͒, no signal would be detected if both the incoherent and coherent peaks had moved to positive frequencies for increasing temperature. photoemission measurements͒, it is natural to introduce a crossover temperature T 0 * at which the maximum of the lower peak crosses zero frequency. Our analysis shows, however, that at T 0 * the spectral function still maintains a twopeak structure ͑see Fig. 8͒ , reflecting the sizable effects of the interaction between fermions and pair fluctuations. We are accordingly led to introduce a second crossover temperature T 1 *ϾT 0 * , at which the upper and lower peaks of the spectral function merge just in one peak ͓in the sense that the incoherent peak is progressively absorbed by the coherent ͑quasiparticle͒ peak, even though the separation between the two peaks remains almost constant͔.
In Fig. 10 the two crossover temperatures T 0 * and T 1 * ͑as obtained numerically from the above definitions͒ are reported as functions of the parameter (k F a F ) Ϫ1 , both temperatures being normalized with respect to the critical temperature T c . The BCS mean-field critical temperature T BCS from Fig. 2 is also reported for comparison. In the strongcoupling limit ͓when (k F a F ) Ϫ1 տ1͔ T 1 *ӷT 0 * , T 1 * being a large energy scale which, according to Fig. 10 , in the strongcoupling limit is much larger than the binding energy ⑀ 0 . The difference between T 1 * and T 0 * is reduced by decreasing (k F a F ) Ϫ1 , but only in the intermediate-coupling regime ͓i.e., when (k F a F ) Ϫ1 ՇϪ0.1͔ the two crossover temperatures almost coincide (T 1 *ӍT 0 *). In the weak-coupling regime, only a single crossover temperature can be identified (T 1 *ϭT 0 *), since in this regime the chemical potential is almost equal to the Fermi energy and the two peaks of the spectral function are symmetrically located about zero frequency. Note finally that T 0 * about coincides with T BCS which was previously identified via an independent procedure. ͑When T 0 *ӍT 1 * we shall indicate both temperatures simply as T*.͒
B. Intermediate-to weak-coupling regime
In the intermediate to weak-coupling regime, it becomes essential to take explicit account of the constant shift ⌺ 0 introduced in Sec. II. This shift has been identified with the value of the real part of the self-energy ͑1͒ taken at the wave vector k Ј ͓such that (k Ј )ϭ0 and where the pseudogap turns out to be minimal͔, at zero frequency ͑about which the relevant range of the pseudogap phenomena is centered͒, and at a temperature close to T* ͑where the system recovers a Fermi-liquid behavior͒. An exact selection of T is, in practice, not required since ⌺ 0 turns out to depend rather weakly on T in the intermediate-to weak-coupling regime. In this sense, we interpret ⌺ 0 as a kind of Hartree shift, even though for our choice of the potential the true Hartree shift vanishes identically. We have consistently evaluated the constant shift ⌺ 0 at ͉k͉ϭk Ј ,ϭ0, and at the same temperature where the self-energy ⌺(k,) of Eq. ͑1͒ is calculated. 45 The inclusion of the above constant shift ⌺ 0 stems from the need of improving the single-particle Green's functions entering the construction of the self-energy ͑1͒ when approaching T c , only close to which pseudogap phenomena become appreciable in the intermediate-to weak-coupling regime. The choice of the self-energy ͑1͒ takes, in fact, into account fluctuation corrections only at the lowest order, a procedure which is certainly not completely satisfactory when approaching the critical temperature where all sort of fluctuations corrections become important. To approach T c , one may try to improve the self-energy ͑1͒ by dressing the single-particle Green's functions therein with a constant selfenergy insertion appropriate to the noncritical ͑temperature͒ region. On the other hand, the inclusion of the full selfconsistent Green's function ͑without vertex corrections, however͒ leads to an overall depression of pseudogap phenomena and is not theoretically justified. 31, 33 From a pragmatic point of view, we have verified that in the intermediate-to weak-coupling regime the pseudogap would open at negative frequencies ͑and not at ϭ0, as expected from a simple physical intuition͒, if the constant self-energy shift ⌺ 0 were not properly included. The pseudogap opening at negative frequencies would, in turn, be in contrast with Monte Carlo results and experimental findings.
The characteristic behavior of the imaginary and real parts of the self-energy at ͉k͉ϭk Ј are shown in Figs. 11 and 12 , respectively, at different temperatures ͑for a given coupling͒. Note that the convexity of the curves Im ⌺(k Ј ,) about ϭ0 is inverted with respect to the Fermi-liquid behavior, implying strong deviations from Fermi-liquid behavior also at moderate values of the coupling ͑i.e., such that a bound- In the weak-coupling limit and for temperature close to T c , an analytic approximation for the imaginary part of the self-energy can be obtained by inserting into Eq. ͑5͒ the weak-coupling expression of the pair-fluctuation propagator given by Eq. ͑12͒. At zero frequency and at the Fermi wave vector, the imaginary part of the self-energy acquires then the following expression in the limit T→T c :
which diverges upon approaching T c with a slow logarithmic rate. An expression analogous to Eq. ͑14͒ is also obtained at finite frequency ͑such that ͉͉Ӷ⑀ F ) and TϭT c , with the replacement of ln͓(TϪT c )/T c ͔ by ln(͉͉/ c ), where c Ӷ⑀ F is a suitable cutoff frequency.
To test the validity of the above analytic approximations, we may consider, e.g., the case of Fig. 11 for T/T c ϭ1.001 and obtain from Eq. ͑14͒ the value Im ⌺/⑀ F ӍϪ0.92 for ϭ0. This estimate is indeed in good agreement with the numerical result reported in Fig. 11 ͑see the full curve therein͒, for which Im ⌺/⑀ F ӍϪ1. A fine-tuning of the temperature very close to T c is, however, necessary to get a sizable increase of ͉Im ⌺͉ due to the logarithmic divergence in Eq. ͑14͒. For instance, to double the above value a temperature (TϪT c )/T c ϭ10 Ϫ6 has to be reached. In the 3D model here considered, the divergence of Im ⌺ is therefore not numerically detectable for all practical purposes. In addition, to test the validity of the counterpart of Eq. ͑14͒ extended to finite frequency as explained above, we may consider the case of Fig. 11 for T/T c ϭ1.001 and two different frequencies, say, 1 /⑀ F ϭ0.075 and 2 /⑀ F ϭ0.037. In this case, we obtain from our analytic approximation the value ͓Im ⌺( 1 )ϪIm ⌺( 2 )͔/⑀ F ϭ0.093, which is rather close to the numerical result 0.106 as obtained from Fig. 11 .
The analytic approximation ͑14͒ ͑as well as its counterpart at TϭT c and finite ) need to be compared with the analytic form of ⌺(k,) obtained in the weak-coupling limit where ⌬ pg is a parameter that depends on a wave-vector cutoff and ␥ϰ(TϪT c ). This expression evidently does not reduce to Eq. ͑14͒ for ϭ0 and T→T c , nor to the counterpart of Eq. ͑14͒ for TϭT c and finite . A few comments to clarify the origin of these discrepancies are then in order. The expression ͑15͒ has been derived more recently in Ref. 50 , where it was also extensively used to fit ARPES data for Bi-based cuprates. According to Ref. 50 , Eq. ͑15͒ results by manipulating directly the expression ͑1͒ for the selfenergy in Matsubara frequency, whereby the finite value T of the smallest ͑fermionic͒ Matsubara frequency is exploited to make approximations on the q dependence of the integrand. Analytic continuation to the real frequency axis is then performed on the approximate result, eventually yielding expression ͑15͒ above. This procedure is, however, questionable, insofar as the very variable to be analytically continued is used to set restrictions on the approximate form of the function ͑in this case, the q dependence of the integrand͒. In our procedure, on the other hand, analytic continuation is performed at the outset ͓see Eq. ͑5͔͒ and the relevant ͑con-trolled͒ approximations to get the approximate result ͑14͒ are introduced only afterwards.
Note, in addition, that at ͉k͉ϭk F the expression ͑15͒ produces two peaks symmetrically located about ϭ0. This expression cannot, therefore, be used to fit the curves of A(k Ј ,) for the coupling values we are considering ͑see Figs. 13 and 16 below͒, whereby the symmetry of the two peaks is recovered only in the extreme weak-coupling limit. In the analysis reported in Ref. 50 , on the other hand, the experimental data are artificially symmetrized and the expression ͑15͒ ͑together with an additional scattering rate i⌫ 1 ) is used to fit the ARPES data. We shall propose below an alternative phenomenological fit to the curves of A(k Ј ,), which is suggested by our numerical calculations. In our numerical calculations we have found that, at low enough temperature, there are three intersections of the curves ͓Re ⌺(k Ј ,)Ϫ⌺ 0 ͔ with the straight line ͑not shown in Fig. 12͒ , with the two outer intersections giving rise to the two peaks of A(k Ј ,) ͑see Fig. 13͒ while the central intersection corresponds to a strong suppression of A(k Ј ,) owing to the associated large value of Im ⌺(k Ј ,). By increasing temperature, on the other hand, only one intersection remains ͓resulting in only one visible peak in A(k Ј ,), see Fig. 13͔ . The associated spectral function at ͉k͉ϭk Ј is reported in Fig. 13 for the same temperatures and coupling of Figs. 11 and 12 . The spectral function obtained in the intermediate-coupling regime shows a well-developed two-peak structure near T c with a minimum at zero frequency; yet the spectral weight distribution remains slightly asymmetric about zero frequency, even when approaching the critical temperature. At zero frequency the spectral function has a sizeable finite value, indicating that no real gap opens at the Fermi surface. Note from Fig. 13 that, upon increasing the temperature, the pseudogap fills in and closes at the same time, with the two peaks of the spectral function merging in just one peak at a crossover temperature T 1 *ӍT 0 * ͑which in this particular case is between 1.05T c and 1.08T c ). It is thus apparent that a breakdown of the normal-state Fermi liquid occurs well before the system is in the preformed-pair limit. From the two-peak structure of A(k Ј ,) in the intermediate-to weak-coupling regime, a pseudogap ⌬ pg could be empirically defined either as half the frequency separation between the maxima of the peaks, or as the separation of the maximum of the lower peak ͑at negative frequencies͒ from zero frequency. These two definitions coincide in the weak-coupling limit but slightly differ in the strong-coupling limit ͑see also Table II below͒. Throughout this paper we will adopt the second definition, which is the most relevant for comparison with photoemission experiments, accessing only negative frequencies.
In the intermediate-coupling regime, when the chemical potential lies inside the fermion band and the Fermi surface is well defined, the wave-vector dependence of the spectral function shows a strong asymmetry about the wave vector k Ј . In Fig. 14 the spectral function is reported as a function of frequency for different wave vectors about k Ј when T ӍT c . It is clear from this figure that for ͉k͉Ͻk Ј a welldefined peak is found at negative frequencies, and that increasing the wave vector to ͉k͉Ͼk Ј this peak becomes a small and broad incoherent peak. Thus, for ͉k͉Ͻk Ј the spectral weight of the coherent peak at negative frequencies decreases as the wave vector k approaches k Ј , while at the same time the spectral weight of the associated incoherent peak located at positive frequencies increases, with a transfer of spectral weight from negative to positive frequencies upon crossing the ''Fermi surface'' ͑which is defined as the locus of minimum pseudogap, and almost coincides with the sphere kϭk Ј ; note that for the coupling value of Fig. 14 , k Ј is about 10% smaller than k F ). This clearly shows that the interaction of the fermions with pair fluctuations gets increasingly stronger upon approaching the ''Fermi surface,'' so that deviations from the Fermi liquid picture appear to be stronger at low energy.
In Fig. 15 the positions of the two peaks of the spectral function are reported for different wave vectors about k Ј when TӍT c . The results of our non-self-consistent t-matrix approximation ͑squares and asterisks͒ are here compared with the BCS-like dispersion ϭϮͱ(k) 2 ϩ⌬ pg 2 ͑continu-ous and dotted lines͒, where the BCS gap has been replaced by the pseudogap ⌬ pg at k Ј . It is rather remarkable that the coherent peak of the spectral function at ͉k͉Ͻk Ј gets reflected into the incoherent peak at ͉k͉Ͼk Ј as the wave vector crosses the ''Fermi surface'' ͑with the characteristic behavior of an avoided level crossing͒, in such a way that the position of the peak at negative frequencies follows almost exactly the BCS-like dispersion, provided the value of the pseudogap is inserted as explained above.
To fit the prominent features of A(k Ј ,) with a simple analytic expression ͓from which the corresponding form of ⌺(k Ј ,) replacing Eq. ͑15͒ could be extracted͔, we may consider two Lorentians of width ␥ L and ␥ R , centered at Ϫ⌬ L and ⌬ R , and with weights p L and p R ͑such that p L ϩ p R ϭ1), with the labels L and R referring to the left and right peaks of A(k Ј ,), in the order. In Tables I and II Table II͒ . For temperatures and couplings larger than those reported in the tables, however, the fit of A(k Ј ,) with two Lorentians become inadequate. Note also that in most cases ⌬ L ϭ⌬ R ϭ⌬ pg . In these cases a relatively simple form for ⌺(k Ј ,) can be extracted, yielding
͑16͒
where ␥ϭ(␥ R ϩ␥ L )/2 and ␦ϭ(␥ R Ϫ␥ L )/2. Note that, even in the symmetric case with ␣ϭ0 and ␦ϭ0, the expression ͑16͒ does not reduce to the form ͑15͒ ͓due to the presence of an extra term Ϫi␥ in Eq. ͑16͔͒, unless ⌬ pg ӷ␥ ͓this condition would be consistent with the assumptions under which Eq. ͑16͒ has been derived only when T approaches T c ͑Ref. 46͔͒. However, the condition ⌬ pg ӷ␥ is never satisfied by our fits, where ⌬ pg and ␥ are of the same order. In Fig. 16 the spectral function at ͉k͉ϭk Ј is reported for different values of (k F a F )
Ϫ1 from intermediate to weak coupling, slightly above the critical temperature. Note that, in the weak-coupling regime, the spectral function acquires an almost symmetric two-peak structure, which differs from the standard BCS result at Tϭ0 essentially for the broadening of the peaks due to the finite lifetime of the pairs. Note also that the pseudogap near the critical temperature decreases with coupling.
An analysis of the pseudogap opening within a 2D attractive Hubbard model in the weak-coupling regime has recently been reported in Ref. 37 , by means of the non-selfconsistent T-matrix approximation formulated on the real frequency axis. The frequency dependence of the spectral function obtained in that paper ͑at quarter filling͒ resembles the results of our Fig. 16 .
Finally, a comparison of the pseudogap ⌬ pg at T c with the BCS gap ⌬ BCS at Tϭ0 and with the two-body gap ⑀ 0 /2 ϭ⑀ F /(k F a F ) 2 ͑which is nonvanishing only for a F Ͼ0) is shown in Fig. 17 for all coupling regimes ͕when Ͻ0, In this context, it is interesting to mention that, taking ⑀ F Ӎ400 meV as a representative value for cuprate superconductors, the range ⌬ pg Ӎ20Ϫ120 meV characteristic of cuprate superconductors corresponds to 0.05Շ⌬ pg /⑀ F Շ0.3, which ͑as seen from Fig. 17͒ lies within the range identified in Fig. 3 for cuprates.
C. Criterion to distinguish weak from strong coupling
The above systematic study of the single-particle spectral function from weak to strong coupling suggests the following criterion to distinguish by ARPES experiments whether a fermion system with an attractive interaction lies in the strong-or weak-coupling regime. This criterion rests on the analysis of the spectral function at negative frequencies ͑just as determined by ARPES experiments͒ for different values of the wave vector k, and ͑as discussed in the next section͒ it is meant to be useful for interpreting the experimental data for cuprates in conjunction with the two-gap model mentioned in the Introduction. Consider first a system in the intermediate-to weakcoupling regime, for temperatures between T* and T c , i.e., within the pseudogap region. In this case, the chemical potential lies inside the single-particle band and almost concides with the Fermi energy. For wave vectors smaller than k Ј , the spectral function has a quasiparticle peak with large spectral weight at negative frequencies and a smaller incoherent peak at positive frequencies. Upon moving the wave vector across the ''Fermi surface'' (͉k͉Ͼk Ј ), the quasiparticle peak shifts toward positive frequencies, while the incoherent peak is now present at negative frequencies ͑see Fig. 14͒ and can accordingly be measured by ARPES. Restricting to negative frequencies and realizing a cut in wave vector space which probes the main and the reflected ͑shadow͒ bands, starting from ͉k͉Ͻk Ј ARPES should initially find a well-defined quasiparticle peak which, upon increasing the wave vector to ͉k͉Ͼk Ј , should be reflected as a small and broad incoherent peak. Moreover, at ͉k͉ϭk Ј the spectral weight at zero frequency remains a sizeable fraction of the peak maximum.
Consider then a system in the intermediate-to strongcoupling regime ͑when Ͻ0), for temperatures between T 0 * and T c . In this case, the chemical potential lies outside the single-particle band. For any wave vector, the spectral function has now a quasiparticle peak with large spectral weight at positive frequencies and a weaker incoherent peak at negative frequencies. For this reason, no appreciable difference in the shape of the spectral function should be detected by varying the wave vector. Thus, starting, e.g., from kϵ(k x Ͻ0,0,0) ARPES should find a broad incoherent peak which, upon increasing the wave vectors to (k x Ͼ0,0,0), should not change appreciably. In addition, the spectral weight vanishes or is much less than the maximum of the incoherent peak in a range of frequencies of the order of the pseudogap ͑see Fig.  9͒ .
By this token, it is clear that, for a fermionic system with an attractive interaction, the wave-vector dependence and the line shape of the spectral function at negative frequencies have well-pronounced qualitative differences depending on the coupling strength, differences which may be detected by a detailed ARPES analysis of the spectral function, as discussed next. Recall, however, that comparison of our results with ARPES data relies essentially on the two-gap model mentioned in the Introduction, and can be complicated by the presence of additional sources of quasiparticle scattering in cuprates as well as by the fact that the continuum model relates strong coupling to low density. Yet, our analysis can be useful to understand the evolution of the spectral properties along the Fermi surface.
V. COMPARISON WITH ARPES SPECTRAL FUNCTION
The theoretical analysis of the spectral function from weak to strong coupling presented in this paper can be used to analyze the spectral intensities measured by ARPES in Bi-based superconducting cuprates, for which a systematic experimental analysis is also available. In particular, we consider ARPES intensities measured in Bi2212 near the M points of the Brillouin zone as well as along the Fermi surface, moving from the M points toward the N ͑nodal͒ points, in different doping regimes and at different temperatures. According to our interpretation, the effective coupling between fermions should increase from the weak-to strongcoupling regime, when the doping is reduced from overdoping to underdoping. Moreover, as discussed in the Introduction, when moving from N toward M points along the Fermi surface, a continuous crossover from weakly to strongly coupled fermionic states should be observed even at fixed doping. We summarize the main results extracted from our work, which can be compared with ARPES experiments performed in Bi2212 materials.
Strong-to intermediate-coupling regime (about M points).
In the strong-to intermediate-coupling regime, where the chemical potential is below the bottom of the single-particle band, our results show that the spectral function displays two peaks, one incoherent at negative frequencies and the other one coherent at positive frequencies. In this case, the wave vectors are meant to be reckoned with respect to ͑one of͒ the M points. In this regime, the prominent features to be compared with experiments are as follows.
͑i͒ The line shape of the spectral function at negative frequencies is quite broad, and the height of the incoherent peak noticeably decreases with increasing temperature ͑see Fig. 8͒ or increasing coupling ͑see Fig. 9͒ . These features are in qualitative agreement with the behavior of the spectral intensity observed by ARPES in the pseudogap phase of underdoped cuprates, by decreasing doping and increasing temperature. Several ARPES measurements show, in fact, that the height of the peak in the spectral intensities collected about the M points decreases with underdoping, with heavily underdoped cuprates displaying a very broad structure with no detectable peak ͓see, e.g., Fig. 2 ͑left panel͒ of Ref. 47 and Fig. 1͑a͒ ͑ii͒ The spectral weight near zero frequency is strongly suppressed and a real gap opens in the spectral function in the strong-coupling regime ͑see Figs. 8 and 9͒. Experimental evidence for a strong suppression of the spectral weight near zero frequency can indeed be found, e.g., in Fig. 2 ͑left panel͒ of Ref. 47 for ͑heavily͒ underdoped samples with T c ϭ56 K.
Intermediate-to weak-coupling regime (between M and N points). In the intermediate-to weak-coupling regime, the chemical potential lies within the single-particle band and the wave vectors are referred to the center of the Brillouin zone. In this case, the salient features of our calculations to be compared with experiments are as follows.
͑i͒ A single quasiparticle peak is present in the spectral function above the crossover temperature T* ͑see Fig. 13͒ , implying a well-defined Fermi surface. Underdoped, optimally doped, and overdoped cuprates for wave vectors near the nodal points display quasiparticle peaks in the ARPES intensities ͑see, e.g., Fig. 1 ͑ii͒ Approaching the critical temperature from above, the interaction between fermions and ͑damped͒ pair fluctuations determines a suppression of spectral weight near zero frequency and therefore the opening of a pseudogap, characterized by a finite spectral weight at zero frequency ͑see Fig.  13͒ . In addition, the quasiparticle peak disperses as a function of the wave vector and, as the wave vector moves across the Fermi surface, is reflected as an incoherent broad peak ͑see Fig. 14͒ . ARPES intensities in underdoped cuprates, measured about the N points for temperatures between T* and T c , display this feature, even though the reflection cannot be accurately identified ͑probably owing to the low spectral weight of the incoherent peak͒. In particular, a spectral weight suppression at low frequencies and a finite spectral weight at zero frequency has been found by ARPES ͓see, e.g., Fig. 1͑b͒ and Fig. 3͑a͒ of Ref. 50͔. Experimental evidence for the reflection of the quasiparticle peak into an incoherent peak has also been found by ARPES measurements of the peak along the M Y direction in the pseudogap phase of slightly underdoped cuprates ͓see ͑iii͒ Increasing the coupling from the weak-to the intermediate-coupling regime, the pseudogap evaluated at T c increases and the ratio between the pseudogap at T c and the BCS gap evaluated at Tϭ0 also increases ͑see Fig. 17͒ , about coinciding in the intermediate-to-strong coupling region. In all underdoped cuprates, and for any wave vector, the experimentally determined pseudogap at T c clearly increases with decreasing doping, and in heavily underdoped cuprates it almost coincides with the superconducting gap measured at zero temperature ͓see, e.g., Fig. 3͑b͒ of Ref. 2͔.
VI. DISCUSSION AND CONCLUSIONS
In this paper, the evolution ͑from superconducting fluctuations to the bosonic limit͒ of the pseudogap opening and the spectral function has been studied in a systematic way. A system of fermions in a three-dimensional continuum, mutually interacting via an attractive contact potential, has been examined. In this way, the numerical calculation of the single-particle Green's function has been considerably simplified, yet preserving the main physical effects underlying the pseudogap opening. The pair-fluctuation propagator, the ͑one-loop͒ self-energy, and the spectral function have been evaluated as functions of coupling strength and temperature, from weak to strong coupling, and analytic and numerical results have been presented.
In the strong-coupling regime, the pair-fluctuation propagator has been shown to have bosonic character and the line shape of the incoherent peak of the spectral function to be strongly asymmetric about its maximum, with its spectral weight decreasing by increasing coupling ͑or decreasing density͒ and increasing temperature. In this regime, two crossover temperatures T 1 * ͑at which the two peaks in the spectral function merge in just one peak͒ and T 0 * ͑at which the maximum of the incoherent peak crosses zero frequency͒ have been identified, with T 1 *ϾT 0 *ӷT c and with T 0 * of the order of the binding energy of preformed pairs ͑ARPES experiments, however, can only measure T 0 *).
In the intermediate-coupling regime, the line shape of the spectral function about the ''Fermi surface'' resembles the line shape of the spectral intensity ͑which is, in turn, related to the spectral function͒ measured by ARPES in underdoped cuprates between T c and T* for different wave vectors. In particular, we have reproduced the main features characterizing the ARPES pseudogap, namely, a finite spectral intensity at zero frequency and a finite pseudogap at TϭT c which is of the same order of the superconducting gap at zero temperature. We have also found that in the intermediate-to weak-coupling regime pseudogap effects are present only in a narrow temperature range above the critical temperature, a result related with the 3D character of the pair fluctuations ͑in 2D this temperature range should, in fact, be considerably wider͒.
In the weak-coupling regime, the pair fluctuation propagator acquires the diffusive Ginzburg-Landau character and the line shape of the spectral function gets progressively more symmetric as the coupling is decreased. In this regime, the two crossover temperatures T 1 * and T 0 * coincide and are of the order of T c , with the pseudogap closing and filling-in quickly as the temperature is increased above T c .
It is thus clear that the pseudogap already occurs in the one-loop approximation for the self-energy, namely, the nonself-consistent t-matrix approximation which we have adopted in this paper.
Maly et al. propose a ͑conserving͒ method to improve the non-self-consistent T-matrix approximation, by including the feedback effect of the self-energy in the two-particle propagator. 17 This is done by substituting in the particleparticle bubble one bare Green's function with a dressed one (G 0 G 0 →GG 0 ), following the approach by Kadanoff and Martin as extended by Patton. 51 These authors show that the consequence of the feedback on the self-energy is to enhance the resonance in the two-particle propagator found already by the lowest-order theory. However, by comparison of Maly et al. results with our ͑nonconserving͒ calculation ͑which includes although the Hartree-type self-energy shift ⌺ 0 ), it turns out that the salient features of the spectral function are essentially preserved by the two calculations.
A similar non-self-consistent ͑as well as a self-consistent͒ calculation for the spectral function has been reported in Ref. 19 . Specifically, even though Yanase and Yamada also make use of the non-self-consistent T-matrix approximation with d-wave pairing, their calculations are based on a small q and ⍀ expansion of the two-particle propagator while the chemical potential is kept at the Fermi level. As a consequence, the critical temperature evaluated by Yanase and Yamada coincides with the mean-field temperature T BCS , which strongly deviates from T c reported in our Fig. 2 in the intermediateand strong-coupling regimes.
Most significantly, the results presented in this paper, concerning the temperature and wave-vector dependence of the spectral function in the pseudogap phase, are in qualitative agreement with Monte Carlo simulations of the 2D attractive (s-wave͒ Hubbard model. In particular, in Refs. 30 and 31 the spectral function obtained by Monte Carlo simulations is reported in the intermediate-coupling regime for different temperatures and wave vectors. These simulations clearly show that in the pseudogap phase the spectral function has a two-peak structure, with the incoherent peak smoothly emerging from the main peak as the temperature is lowered below T*. In addition, moving the wave vector across the Fermi surface, the main peak is reflected in a shadow incoherent peak, as reported in Ref. 29 . Monte Carlo simulations thus give further support to our non-self-consistent t-matrix approximation, suggesting that dimensionality and lattice effects do not modify appreciably the main qualitative features of the pseudogap phase, obtained by our work for a 3D continuum with a contact potential.
Other kinds of fluctuation propagators ͑such as, chargedensity wave, 52, 53 spin-density wave, 54 -56 and phase fluctuations above the Kosterlitz-Thouless transition 25 ͒ result into peak structures in the two-particle Green's function and into an associated pseudogap opening in the single-particle spectral function. In particular, the pioneering work by Kampf and Schrieffer 55 considering antiferromagnetic fluctuations coupled to fermions has shown that the associated spectral function evolves from one peak in the Fermi-liquid regime to two peaks in the fluctuation regime. In addition, the antisymmetric structure of the imaginary part of the susceptibility used by Kampf and Schrieffer is reminescent of the behavior of the imaginary part of our pair-fluctuation propagator in the weak-coupling regime only.
Further detailed ARPES ͑and, possibly, inverse photoemission͒ experiments are awaited to ultimatly distinguish the microscopic origin of the pseudogap in underdoped cuprates and to unambiguosly identify the characteristic features of the spectral function obtained by our analysis in different doping and coupling regimes.
